Calculations of diffraction line profiles and Scherrer constants for crystallites whose external shape has cubic symmetry are extended to crystallites of cylindrical shape. The analysis includes the limiting cases of acicular crystals and disks and, to a reasonable degree of approximation in many cases, to hexagonal prisms. These shapes have applications in size determination for materials which form prismatic crystallites, particularly those which belong to the hexagonal system or have been derived from substances with this symmetry.
Introduction
In a recent review of the determination of crystallite size and shape from diffraction data, Langford & Wilson (1978) considered crystallites whose external form had cubic symmetry. Another form commonly encountered in practice, but not yet subjected to the same detailed analysis, is the right prism, with the cylinder as a limiting case. Expressions for the variance Scherrer constants for cylinders and prisms were given by Lele & Anantharaman (1966) , who also derived the integral-breadth Scherrer constants for these shapes, and by Wilson (1969) . The work of these authors on cylindrical crystallites is summarized here in a form which is more readily applicable in practice and the analysis is extended to include line profiles, the half-width Scherrer constant and the rotundity parameter (Mitra, 1964) .
Prismatic crystallites may, for practical purposes, often be regarded as cylinders for size determination. The analysis can thus apply to acicular crystals and disks, which are effectively limiting cases of the cylinder, and hexagonal prisms. The latter frequently occur for materials which are hexagonal (Lou~r, Weigel & Langford, 1972; Auffr6dic, Ciosmak, Lou~r & Niepce, 1980) or pseudo-hexagonal, and also for crystals of the cubic system where the prism axis is perpendicular to the 111 planes (Niepce, Mesnier & LouSr, 1977;  *On leave from the Department of Physics, University of Birmingham, Birmingham B 15 2TT, England. Niepce & Watelle, 1978) . The approximations involved in replacing hexagonal prisms by circular cylinders can be estimated from the geometrical considerations of Wilson (1969) , or from the analytical expressions; they are a few per cent for integralbreadth, Fourier, variance-slope and half-width methods, but may be large and apparently erratic for the variance intercept and the rotundity parameter.
Volume function
The quantity required for the calculation of line profiles and Scherrer constants is the volume common to the crystallite and its "ghost' or double displaced a distance t perpendicular to the diffracting planes (Stokes & Wilson, 1942; Guinier, 1963) . For a cylinder of diameter D, height H and plane normal making an angle ¢p with the cylinder axis ( Fig. 1) , this volume is
where ct =(t/D)sin qg. The value oft for which V(t)=0, r, depends on the relative magnitudes of qb = tan-I(D/H) and cp. For 0 < ~0 _< ~, t is limited by the upper or lower surfaces of the cylinder and r=H sec ~0. Thus, if T=tan ~/tan cp, g~= 1/T. For ~<cp_<rc/2 ( Fig. 1 ), t is limited by a generator of the cylinder, r = D cosec ~0 and ~= 1. The normalized volume function may conveniently be expressed as
where V(0) is the volume of the cylinder. V(t)/V(O) thus depends only on q~ and the ratio D/H. In any given application, q~ for each reflection will depend on the relative orientation of the crystallographic axes and the axis of the cylinder. For example, if the cylinder axis and c* axis of the reciprocal cell are coincident, then q~, the angle between the normals to the 00/and hkl planes, is given by cos ¢p = ic*/Ihkll,
and for cylindrical crystallites 2c tan ¢p = --(h 2 +hk+k2) 1;2 (4) x/3al 0021-8898/82/010020-07501.00 © 1982 International Union of Crystallography For cubic crystals, where the cylinder axis is perpendicular to the 111 planes, h+k+l cos tp = x/3(h2 + kZ + 12)1/2 " (5) From (2), the normalized volume distribution, expressed as a function of t/v, depends only on T. In particular, for T=2x/2/rt , the breadth of the smallcrystallite profile is a minimum, corresponding to maximum apparent size, for each value of D/H ( § 4). V(t)/V(O) for this limiting case is given in Fig. 2 . V(t) and its derivatives have several useful properties. V(t) is in fact the Fourier transform of the line profile I(s) and corresponds to the discrete A, coefficients in the notation of Stokes (1948) ( § 3). The reciprocal of V'(0) is thus proportional to the apparent size obtained by the Fourier method (Bertaut, 1950) and also that given by the slope of the variance-range function (Wilson, 1963 ; see also § 4). The inverse of V'(0) is proportional to the square of the variance-intercept apparent size and V"(t) is the size distribution function in the direction perpendicular to the diffracting planes. This depends on the shape of individual crystallites and, in general, on the distribution of size throughout the sample. Also, the size obtained from the integral breadth is proportional to j'f~ V(t)dt.
Small-crystallite diffraction line profile
The diffraction line profile due to the size of crystallites is simply the Fourier transform of V(t). The normalized profile, expressed in terms of the dimensionless variable ~p = z~sz, where s is the radial distance from the point So =(2 sin 00)/), in reciprocal space, is thus (Stokes & Wilson, 1942) . Hence, if the crystallites all have the same size and shape, the Fourier transform of the observed small-crystallite profile and the volume function V(t) are identical, aside from a scale factor. In practice, the profile is measured at discrete values of tp, so the equivalent Fourier series are used to calculate 
where n=Nt/r and V, is the value of V(t/J corresponding to the nth coefficient. The normalized line profile for the limiting case considered in § 2 [D/H =(2x/2/70tan ~0] is plotted as a function of sv in Fig. 3 . As is usual for theoretical small-crystallite profiles, there are small oscillations in the tails whose magnitude decreases as sz increases, but for large ranges the intensity varies inversely as the square of the range, or
This function is also shown in Fig. 3 and for this particular case A = 1-736. If an exact inverse-square variation is assumed, the coefficient in (8) can be obtained from the definition of the variance of a line profile (e.g. Wilson, 1963) :
where k is the slope of the variance-range function (e.g. Fig. 5 ) and S the total intensity. From the values of k and S for this profile ( § 4), the theoretical value of A is 1.690, which is in reasonable agreement with the empirical value given by (8).
If there is a distribution of sizes in the sample, then the overall volume function is the sum of V(t) for the individual crystallites and 1(0) is the superposition of the individual profiles. In any practical case the oscillations of the single-size function tend to cancel and the tails are dominated by the 0 -2 variation.
Scherrer constants
The breadth B of a small-crystallite profile yields an apparent size eB which is some weighted average of the thickness of the crystallites in the direction perpendicular to the diffracting planes (Wilson, 1962) . The true size p, generally defined as the cube root of the volume of a crystallite, is then the product of eB and the appropriate Scherrer constant K B. Thus, for cylindrical crystallites, The apparent size given by the full-width at halfmaximum intensity (FWHM) of the diffraction profile, ew, cannot readily be derived analytically. It can, however, be obtained to a sufficient degree of accuracy by successive applications of Newton's method: where 0w is the value of 0 at half maximum intensity, g is an approximate value of 0,,,, I(g) and I(0) are given by (7) and 2 N I'(g)= ~2 ~ n V.sin(2gn/S).
(12) n = -.N Then Fig. 4(a) . For a given reflection, Kw has a maximum value of 1.0696P, where P =(sin2tp cos ~0) ~'3, and hence e,,. is a maximum, when D/H =(2x/2/rt)tan cp.
This relationship between q~ and D/H in fact defines a pair of valleys which meet at a saddle point for which ~0 = arc tanx/2 = 54-736 °, and the diffracting planes are equally inclined with respect to the cylinder axis and the plane of the base. The corresponding value of D/H is 4/rt (= 1.273) and Kw = 0.8642.
It is evident from the contour map that there is little variation of K,,. with ~o for D/H ~ _ 1. As would be expected intuitively, if the base and diameter of the cylinder are approximately the same, then the apparent size is roughly constant for all hkl. For D/H =0"1 or 10, on the other hand, Kw changes by a factor of about ten for values of q~ ranging from 0 to 90 ~, and for rods or disks the apparent size is strongly dependent on hkl, as would be expected.
Intgral-breadth Scherrer constant, Kp
The integral-breadth apparent size et~ is given by (Wilson, 1963, equation 19.17 ) The contours of constant Kt~ [ Fig. 4(b) ] are of the same general form as those for Kw. For a given hkl, K s has a minimum value of (rc/2)(3rcE/32)l/aP(= 1"5307P) when D/H = (8/3g)tan q). There is again a saddle point for which ~0 = arc tan x/2, but the corresponding value of D/H is 8x/2/3n ( = 1.2004) and Ko is 1.1134. There is also little variation in Kt~ for D/H-~ 1 and all values of q~.
Variance-slope and Fourier-method Scherrer constant, K k
The variance-slope Scherrer constant K k is (Wilson, 1962, p. 50, equation 36 
so that, from (2) 
Variance-intercept Scherrer constant, K r
The variance-intercept Scherrer constant may be obtained from (Wilson, 1962, p. 53, equation 39 )
from (2) Fig. 4(d) . For a given value of D/H, K T is a maximum at cp=rc/4, the value being (4D/rcHi 1/6 [=1"0411 x (D/H)I/6]. There are no saddle points, but for a given value of D/H, K T is symmetrical about tp = ~/4. Also, KT = 0 when the diffraction vector is parallel to the cylinder axis (q~ = 0) or when it is in the plane of the base (q~ = 90 °) for all D/H. This is to be expected, since K 2 is a measure of the rate of taper of the crystallite and there is no taper in these directions.
Rotundity parameter, M R
The rotundity parameter M R (Mitra, 1964) is defined as (2). Contours of constant M R are given in Fig. 4(e) , where it can be seen that there are no saddle points. MR is zero for (p = 0 and is otherwise negative, with a maximum value of -H/D when (p = u/2.
Determination of crystallite size
The apparent size is simply proportional to the inverse of the breadth, or
where C is A/cos 0 if B is given in terms of 20, is 2d if on a wavelength scale, and is unity if in reciprocal units. Thus, if size effects are the only source of broadening, the error in en depends only on the accuracy with which B can be measured, whereas the estimate of the 'true' size also depends on any assumptions made regarding the shape and orientation of the crystallites. If other effects contribute to the breadth of a line, then e B obtained from the size component of B will in general be the harmonic mean of the actual apparent size, the average distance between fault planes and the mean distance between dislocations. If the crystallites are assumed to be cylinders whose axes are parallel to a particular crystallographic direction, then in general e 8 will depend on D and H and an hkl reflection will yield the ratio D/H. However, if the substance belongs to the hexagonal system, with the c axis parallel to the cylinder axis, then D and H can be determined separately from hkO and 001 reflections.
For example, the variance-slope apparent size for an 00l reflection is simply H and for hkO lines it is reD~4.
This procedure was used by Loufir, Weigel & Langford (1972) in a study of nickel hydroxide.
In general, h i k 1 ll and hEkEl 2 reflections yield the ratio (10)
KB1
BlCOS 01
and D/H, and hence y, and KB1, KB2 are then obtained from the appropriate equation in § 4 or from Fig. 4 . Substitution of these quantities in (10) then gives D and hence H.
The above analysis is based on the assumptions that the crystallites are of the same size and that they are cylindrical. The validity of these assumptions can be assessed from a comparison of estimates of the true size obtained from different measures of breadth and several reflections. If there is a distribution of size, then the Scherrer constants are modified by factors which depend on the moments of the size distribution (Langford & Wilson, 1978) , but are independent ofhkl.
Information on the nature of the size distribution is thus given in principle by comparison of the sizes obtained from different measures of breadth.
If the crystallites are in fact hexagonal prisms, the above method gives a reasonable approximation to the height and equivalent diameter [=(6x/3/rc)l/ZA, where A is the edge length of the base] for most measures of breadth. However, the apparent sizes obtained from h00 and hkO reflections, for example, will differ by amounts which depend on the relative orientations of the prism and crystallographic axes. The difference can be large in the case of the size based on the variance intercept, which effectively is a measure of the rate of taper or angularity of the crystallites, eWo may therefore be used to give an indication of the validity of the cylinder approximation.
It is possible in principle to determine the dimensions of the hexagonal prisms ab initio, but in practice it is simpler to assume that the crystallites are cylindrical in the first instance. Then, if the preliminary results suggest that the crystallites are in fact hexagonal prisms, the Scherrer constants obtained by Lele & Anantharaman (1966) can be used to obtain more accurate values of size. (See also Langford, 1981, footnote to § 5.2.) It is worth noting that all measures of breadth are affected by counting statistics and systematic errors arising from corrections for instrumental broadening and other effects. In particular, low-quality data or incorrect processing can give rise to appreciable errors in eWo, which should be borne in mind when carrying out detailed analyses of line broadening, such as those outlined above. Experimental procedures and data handling for the various measures of breadth have been reviewed by Klug & Alexander (1974) ; Wilson (1963 Wilson ( , 1967 Wilson ( , 1968 Wilson ( , 1969 ; Young, Gerdes & Wilson (1967); and Langford (1980, 1981) .
Practical considerations
If the half-width is used as a measure of breadth, then B in (23) is simply 2wl, the FWHM of the diffraction profile. In the integral-breadth method it is fiT, the ratio of the integrated intensity, after making due allowance for the effects of truncation, to its peak height. In terms of s, the variance is (Wilson, 1963, p. 98, equation 19.36; Edwards & Toman, 1971) (KT) 2 Kk MR ---a= + --or j-1. (25) I,V~= \2--~p,] + 7r2p 4p3r~ 4
In practice it is customary to neglect the hyperbolic term in (25) when calculating the variance and to include a correction for curvature when allowance is made for instrumental effects (Edwards & Toman, 1970 , 1971 Langford, 1981) . If the variance of the small-crystallite profile is Wf= Wos + kfcr (26) and the range is expressed in terms of 20, then If the correction for instrumental effects is made by means of the Stokes (1948) method or other procedures,* and crystallite size is the only source of diffraction broadening, then the apparent size is inversely proportional to the initial slope of the A,, versus n curve, where A, are the Fourier cosine coefficients of the size profile (Bertaut, 1950; Warren, 1959) :
* Croche & Gatineau (1977) have reviewed deconvolution methods used in line-profile analysis.
where q-O'ma x is the angular range over which the broadened profile is recorded. Hence, in the Fourier method, dA. B = 2 d, ,:0 O'max" (32) AS noted previously, A, is equivalent to the normalized volume function V(t)/V(O) and hence dA, 7z2kf .=o-20"m~x (33)
Summary
The interpretation of line broadening from crystallites which are cylindrical prisms, or which approximate to this shape, has not previously been discussed in detail.
It is a form of common occurrence in natural and synthetic materials, particularly those which have a threefold or sixfold axis, or are derived from substances with this symmetry, and the average height and diameter of the prisms can be deduced from all the measures of breadth in common use. Provided that data are collected and processed with care, it is possible to distinguish between the broadening from hexagonal and cylindrical crystallites. In the case of hexagonal prisms, it is proposed that approximate dimensions, based on the assumption that the crystallites are cylindrical, are obtained and then refined to obtain the size of the hexagons.
In principle it is only necessary to record two lines and employ one measure of breadth to determine the average dimensions of the cylinders, provided that their orientation with respect to the crystallographic axes is known or can be assumed. However, in any application it is desirable to obtain data for several reflections and to use various measures of breadth, and it is essential to do so if a high degree of accuracy is required. Furthermore, a comparison of the sizes given by different measures of breadth provides information about the distribution of size. Suitable reflections in any given application can be selected with the aid of Figs. 4(a) to (d), which display the variation of the Scherrer constant with ~p, and hence hkl, for a given cylinder and measure of breadth.
